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1. INTRODUCTION 
In this paper, we will consider the existence of positive solutions for the nonlinear discrete three- 
point boundary value problems 
A2xk- i  + f (Xk) ---- 0, k = 1 ,2 , . . . ,n ,  
Zo = O, axz = xn+l,  (1) 
and 
A2xk -1 + f (xk) = 0, k = 1 ,2 , . . . ,n ,  
Xo = O, xn+l  - axl = b, (2) 
where n e {2, 3 . . . .  }, l e [1, n] -- {1 ,2 , . . . ,  n}, a and b are positive numbers, and f e C(R+,  R+). 
It is of interest o note here that  the three-point or multipoint boundary value problems in the 
continuous case have been studied in great detail  in recent papers [1-9] since the early 1980s. 
In numerical integration of differential equations, it. is taken for granted that  their difference 
approximations retain the same existence and uniqueness property of solutions. However, in the 
case of boundary value problems, a number of examples can be cited where this assumption fails. 
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This has led to a number of recent investigations providing necessary and sufficient conditions 
for the existence and uniqueness of the solutions of discrete boundary value problems [11-16]. 
Several recent investigations on multipoint boundary value problems are available in [16-18]. In 
this paper, we will study the existence and nonexistence of the discrete three-point boundary 
value problems (1) and (2), defined in Banach spaces. 
We want to point out that our results are comparable with the main results in [12, pp. 311-361]. 
However, our results, though different in their approach, in general, have very little overlapping 
with those in [12,13]. 
By a positive solution x of boundary value problem (1), we mean a nontrivial sequence 
x :  [0, n + 1] --* [0, co) satisfying (1). 
In the next section, we will prove some preparatory lemmas. In Section 3, the existence results 
are obtained for problem (1). In Section 4, we will consider problem (2). The existence and 
nonexistence theorems are established. In Section 5, we will study two important difference 
equations by using our main results. 
2. PREPARATORY LEMMAS 
In this section, we will prove some preparatory lemmas. First, we consider the problem of the 
form 
A2Xk-1 +Yk =0,  k E [1,n], 
xo = O, axl : Xn+l .  (3) 
LEMMA 1. Let al ~t n + 1. For n+l {YJc}k=o, problem (3) has a unique solution 
Xk- -n+l_a l  Y i -aE  Y1 -~-~-~Y i ,  k e [0, n+ 11. (4) 
i=O 1=0 i=0 j=0 ~=0 1=0 
PROOF. From (3), we have 
k 
Axk - Axo + E y~ = 0, 
k-1  i 
- kAxo  + - -  o,  
4=0 j=0 
n i 
x,~+l - (n + 1) Axo + ~--'~ E y j =0 ,  





ax,  - + a Z = o. 
i=0 j=0 
In view of (6), (7), and (3), we have 
1 
Axo ---- n + 1 - al yj - a yj . 
~=0 j=0 
By the above equation and (5), it follows that (4) is true. The proof is complete. 
In the rest of the paper, we will assume that al 7t n + 1. 
(7) 
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I f r  ln+l  FX ln+l  LEMMA 2. Let 0 < al < n + 1. lYk ~ k=o is nonnegative, then, the unique solution l klk=0 of 
problem (3) is a/so nonnegative. 
PROOF. From the fact that  A2xk_i  = --Yk < 0, we know that  the graph of {xk tn+l is concave 
- -  J k=O 
down on [0, n + 1]. Thus, if Xn+l > O, then, concavity of x and the boundary condition Xo = 0 
imply that  Xk >_ 0 for [1, n]. If x~+l < O, then, we have x, < 0 and Xn+l = ax, > xl(n + 1)/l. 
This contradicts the concavity of x. The proof is complete. | 
LEMMA 3. Leta l  > n+l .  n+l I f  {Yk }k=0 is nonnegative, then, problem (3) has no positive solutions. 
PROOF. Assume that ~ ~.+1 ixklk=o is a positive solution of problem (3). Then, there exists i • 
[0, n + 1], such that xi > 0. If Xn+ 1 > 0, then, Xn+l/(n + 1) = axl / (n + 1) > xl/l.  This 
contradicts the concavity of x. If xn+l = O, then, we have xi -- 0. Thus, i # 1. For i • (0, l) 
or (l, n + 1), we obtain a contradiction. The proof is complete. | 
We will be concerned with the existence of positive solutions of problems (1) and (2). In view 
of Lemma 3, in the sequel we will assume that 0 < al < n + 1. We will work in the Banach 
space E = {xlx = ~Xklk=O,, ~+1 xk • R}, endowed with the usual linear structure as well as the 
norm Hxll = maxk~[o,n+l ] [xkl. 
n+l  n+l  LEMMA 4. Let 0 < al < n + 1. I f  {Yk}k=o is nonnegative, then, the unique solution {Xk}k=0 of 
problem (3) satisfies 
min Xk > ~ llxl[, 
kE[ l ,n+ l] --  
where 
0=min{/_~l  a (n + l - l) al } 
1' n+l -a l  ' n+ l  " 
PROOF. Let i•  [0, n+l ] , suchthatx i= ][xl[. I f0<a< 1, then, wehavexz=x,+l /a>Xn+l .  
In this case, we know that x .+ l  = infkE[tm+l]Xk by the concavity of x. If i • (0,/], by the 
concavity of x, we have 
n+l  
x~ < x~+i  + (xl - Z~+l )  - -  
n+l  - l  )o+1 
z Xn+l  + Xn+l  - -  Xn+l  ?2 + 1 --  1 
n+l  -a l  
- inf xk. 
a (n + 1 - l) ke[l,~+l] 
If i • (l, n + 1), then, by the concavity of x, we have 
Xn+ l X l X i Xz 
a( /+ l )  /+1 - i+1  - n+l  
That  is, we have 
a ( /+  1) 
inf xk >_ - - I l x l l .  
ke[Z,n+l l n + 1 
It remains to prove the statement in the case 1 < a < (n+l ) / l .  In this case, we have xl <_ x,~+l. 
Clearly, we have i • [l, n + 1]. Otherwise, we have 
n+l - I  
xn+l + (xi - x,~+l) - -  > xl, 
n+l  - i  
which contradicts the concavity of x. Thus, we know that minkc[z,n+l ] xk = xl. Using the 
concavity and Lemma 2, we have 
xl xi 1 
t+ l  > i+1 -> n+l  Ilxll. 
The proof is complete. | 
Our existence criteria will be based on the fixed-point heorems due to Krasnoselskii [10]. 
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(n+ 1)l  n l n 
"~ i----0 
- o;1  
> (n+l ) l  Ef (x i )  -~---al  i f (x i )  
- n+l - -a l  n 
i=l i=l 
l n 
- n+l_a l~-2~(n+l - l ) f (x i )  
i=l 
l (n  + 1 - l) (n + 2 - l)b / l (n  + 1 - l) (n + 2 -  l) 
> 2 [n~--i : at) _ 2[nT--1--al) 
= b = I1~11 •
That  is, HTx[I _> Hxl[, for x ~ OKb. By Lemma 5, we see that  there exists 2 E K, which 
satisfies a < I[:ll -< b, such that  T~ = ~. In the case b < a, we can use similar arguments.  The 
proof  is complete.  | 
3. EX ISTENCE ON SYSTEM (1)  
In this section, we will s tudy the existence of posit ive solutions of (1). Let 
f0 = l im f (u )  and f~ = l im f (u )  
u-*0 + U u---*cx~ U 
Then,  fo = 0 and fo~ = oc correspond to the superl inear case, and f0 = oc and f~ = 0 
correspond to the subl inear case. 
THEOREM 1. Assume that either f0 = 0 and foo = oc or f0 = oc and foo = 0. Then, problem (1) 
has at least one positive solution. 
PROOF. 
SUPERLINEAR CASE. Suppose that  f0 = 0 and foo = oo. In view of Lemma 1, we know that  
problem (1) has a posit ive solution {xk} if and only if x solves the operator  equat ion 
xk - f (x j ) -a~-2~ f (x j )  -- f (x j )  de=fTx(k).  (9) 
n+l  -a I  ~=o j=o ~=o j=o 
Denote 
K={xEE[xk>O,k~[i,n+l]min xk>_O[[x,[}. 
It is obvious that  K is a cone in E.  In view of Lemma 4, we get that  TK C K. It is also easy 
f3j ~n+l  R}  is to check that  T : K --* K is completely continuous because E = {x : x = l k k=o xk C a 
f inite-dimensionM vector space and f is a continuous function. 
Now, since f0 = 0, we may choose Ha > 0, such that  
f (x)  < 6(n+l -a l )x  fo r0<x<H1.  
n 2 (n + 1) (n  + 2) '  
Thus, we see that  
6 (n + 1 - al) H: 
max maxf  (x) < 
0<x<H: -- n 2 (n + 1) (n + 2) '  
Further,  since fee = 0% there exists OH2 > H1 > 0, such that  
(10) 
f (x)  > 2(n+l -a l )  fo rx>_OH2,  
x - O l (n+l - l ) (n+2- l ) '  
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and 
2H2 (n ÷ 1 - al) 
f (x) >_ 1 (n + 1 - l) (n + 2 - 1)' for x C [~H2, H2]. (11) 
In view of Lemma 6, there exists x • K A (R2\K1), such that H1 _< Ilxll <_ H2. This completes 
the proof of the superlinear part of the theorem. | 
SUBL INEAR CASE.  Suppose  that f0 = c~ and fc~ = 0. We first choose H3 > 0, such that 
f (x) > 2 (n ÷ l - al) fo r0<x<H3.  
x - ~ l (n+l - l ) (n+2-1) '  
Thus, 
2H3 (n + 1 - al) 
f ( z ) _> l (n+l -1 ) (n+2-1) '  fo rx•[0H3,  Ha]. 
Now, since f~ = 0, there exists/-/4 > Ha, such that 
6 (n + 1 - al) x 
f (x) _< n2 (n + 1) (n + 2)' for x _< Ha. 
Hence,  we  have 
6(n+l  -a l )H4  
max f (x) < 
0<~<H4 -- n 2 (n + 1) (n + 2)'  
The proof is complete. | 
THEOREM 2. Assume that f0 = ce and fo~ = cc or f0 = 0 and fo~ = 0 hold, then, problem (1) 
has at least two positive solutions. 
PROOF. Suppose that fo = oc and fo~ = oc. Let 
6 (n ÷ 1 - al) r 
q(r)  = n2 (n + 1) (n + 2) max0<x<~ f (x ) '  
then, we  have 
6 (n + 1 - al) r 6 (n + 1 - al) r 
n 2 (n + I) (n + 2) f (r---~ >- n 2 (n + I) (n + 2) maxo<x<r f (x)" 
Thus, l imr~0 q(r) = 0. Similarly, we have also limr~oo q(r) = 0. Choose ro, such that q(ro) = 
maxr>oq(r) ,  then there exist rl • (0, ro) and r2 • (ro, oo), such that q(rl) = q(r2). In view of 
the definition of q, we have 
f (x) < 6 (n + 1 - at) rl 
_ q( r l )n2(n+l ) (n+2) ,  fo rxe[0 ,  r l /q ( r l ) ] ,  
and 
f (x) ~ 6(n ÷ l -a l )  r2 
q ( r l )n2(n+l ) (n+2) ,  fo rxE[0 ,  r2 /q(r l ) ] .  
On the other hand, we can choose bl • (O, r l /q(r l ) )  and b2 • (r2/q(rl), oc), such that 
f (x )  > 25(n+l -a l )  
x - O l (n+l - l ) (n+2-1) '  fo rx•  (0, bl]U[b20, ec). 
That  is, we  have 
and  
2bl (n + 1 - al) 
f (x) ~ l (n  + 1 - l) (n + 2 - l)' for x e [blO, bl], 
2b2 (n ÷ 1 - al) 
f (x )> l (n+l - l ) (n+2-1) '  fo rxE  [b2~,b2]. 
In view of Lemma 6, there exist two solutions, Xl and x2, which satisfy 
bl < llxlll _< rl/q (r l ) ,  r2/q (~1) < Llx~ll -< 55. 
The case fo ---- 0 and foo -- 0, can be proved following the lines of the proof of the first part. 
Thus, we will omit it. 
Similarly, we can also prove that the following theorem holds. 
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THEOREM 3. Suppose that 0 < fo < cx~ and f~ = c~ or fo = oc and 0 < fee < oo. Then, 
problem (1) has at least one positive solution. 
4. EX ISTENCE AND NONEXISTENCE 
For system (2), we get the following results. 
THEOREM 4. Assume that fo = 0 and foo = c~. Then, there exists b* > 0, such that the problem 
has at least one positive solution for b • [0, b*) and no positive solutions for b > b*. 
PROOF. Clearly, hk = k /  (n + 1 - al) satisfies the system 
A2Xk_ l=0,  fo rkE[1 ,n ] ,  x0=0,  and Xn+l -aX l= l .  
fX  ln+l  Then, ~ kJ'k=o is a positive solution of system (2) if, and only if uk = xk - bhk is nonnegative 
and satisfies 
A2Uk- l+f (xk+bhk)=0,  fo rk•[1 ,n ] ,  u0=0,  and Un+l =aut .  (12) 
Let f (x )  = sup0<s< x f (s). Since limu--.0+ ( f (u ) /u )  = 0, there exists a positive number bl, such 
that 
f (bl + bl Ilhll)IlPll < 51, 
where p is the unique solution of 
A2Xk_ l+ l=O,  for k•  [1,n], xo =0,  and Xn+l =axt .  
Define a closed convex subset by 
D={x•K lO<_xk_<bl} .  
For each w E D, let u = Tw be the solution of 
A2uk- l+f (wk+bhk)=O,  fo rk•  [t ,n] ,  uo=0,  and u~+l =aut .  (13) 
We point out that the operator T : D ~ K is completely continuous because E = {x : x = 
l n+ l  xklk=o, xk • R} is a finite-dimensional vector space and f is a continuous function. Suppose 
that b < bl. We claim that TD C D. Indeed, if u = Tw, in view of Lemma 2, we have 
0 < uk - I (wj 
- n + l  -a l  
<_ f (bl + bl Ilhll) Ilpll -< bl. 
+bhj ) -a~-~.~- -~f (w j+bh j )  -~-~ f (xy )  
i=0 j=o  i=0 = 
Using the Schauder fixed-point heorem, we conclude that T has a fixed point u in D, and 
then, Xk = uk + bhk > 0, for k • [1, n] satisfies ystem (2). 
It remains to show that problem (2) has no positive solutions for b large enough. Let {xk} 
is a positive solution of (2), then, uk = xk - bhk satisfies system (13). In view of Lemma 4, 
we know that  minke[l,n+l] uk >_ @ull. Since hk = k/ (n  + 1 - al), there exists 0 < 5 < 1, such 
that min[t,n+l] hk >_ @hll. Let r 1 = min{0, 5}, then, we have 
min (Uk +bhk) > rlllUk +bhkn.  (14) 
ke[l,~+ll 
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Now, let f ( t )  = inft<_~ f ( s ) .  Thus, it follows from (11) that 
n 
l E (n+l  l ) f (uk+bhk)  ul > 
- n+l -a l  
i=l 
n 
> l ~"~" (n + 1 - l) f ( r l J j uk+bhk j l )  . 
- n+l -a l  
i=l 
This implies that  
{ }' f (rl Jluk + bhk]l) < f (rl jJuk + bhkll) < l (n  + 1 - l )  . 
JlUk + bhkll - Ilull - n + 1 - al ~=l 
Note that l imt~f ( t ) / t  = oo. Thus, there exists a number M depending only on b, such 
that JJuk + bhkJJ < M.  Consequently, b must be bounded. 
Let F = {b I (2) has a positive solution} and b* = sup F, then, 0 < b* < c~. We have proved 
that (2) has a positive solution for b e [0, b*). The proof is complete. | 
5. APPL ICAT IONS 
We might spread out many examples which satisfies the conditions of our theorems, but we 
restrict ourselves to the following two examples which illustrate well some of our main results. 
We consider the special difference quation, 
=0, k--1,2 (15) n,  
subject to the boundary conditions, 
xo = O, xn+l  = ax l ,  (16) 
or  
zo = O, zn+l  - azz = b, (17) 
where it is assumed that v > 0 and (~, f~ E R are constants. 
The importance of equation (15),(16) and its continuous analog has been illustrated in [19,20]. 
In view of Theorems 1-4, we have the following results. For any c~,~, equation (15),(16) has 
at least one positive solution. Further, if a, ~ > 1, then, there exists b* > 0, such that prob- 
lem (15)-(17) has at least one positive solution for b E [0, b*) and no positive solutions for b > b*. 
Finally, we consider the difference quation, 
A2Xk_l + ve vx~ = 0, k = 1,2 . . . .  , (18) 
subject to the boundary value conditions, 
X 0 = O, Xn+l = axz, (19) 
where ~ and V are positive constants. Clearly, (18),(19) satisfy all conditions of Theorem 3 which 
implies that it has at least one positive solution. Equation (18) may be thought of as a discrete 
analog of the differential equation, 
x"  + e x = 0. (20) 
Equation (20) actually arises in application involving the diffusion of heat generated by positive 
temperature dependent sources. For instance, 
x ~ + e x = O, 
x (O)  = x (1)  =0,  
occurs in analysis of Joule losses in electrically conducting solids as well as in frictional heating. 
One hope to control the temperature of the position xl when we consider (18),(19). 
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